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6 (b) /3

6 (c) /2
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Instructions. Do all parts of all 6 questions. Show all work and give explanations where required. You
may receive part marks for a question if your work is correct even if the final answer is incorrect. However,
if your answer is incorrect and no work or explanation is given, you will receive no marks. The number of
points for each question is given in the left margin, total 40. A Formula Sheet is attached. You may use any
formula on this sheet on any problem on this test.

1. Evaluate each integral. For any definite integral, give the exact numerical value.

(a)[3]
∫

(

2

x2
+

3

2x + 1
+ ex/2

)

dx

(b)[3]
∫

cos (2 + ln x)

x
dx

(c)[3]
∫ 2

0

t3

√
4 + 2t4

dt
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2. Consider the definite integral
∫ 5

2

(

x3 − 4x
)

dx

(a)[2] Set up the right endpoint Riemann sum for the definite integral above using n subintervals, Rn.
Do not simplify

(b)[3] Using Maple the sum in part (a) can be evaluated and simplified to

Rn =
63

4

(n + 1)(7n + 3)

n2

Use an appropriate limit to determine the exact value of the definite integral above.

(c)[2] Evaluate the definite integral above using the Fundamental Theorem of Calculus to verify your
answer in part (b).

3.[4] Consider the definite integral
∫ 7

4

x + 1√
8 − x

dx

Evaluate this integral using the substitution u =
√

8 − x.
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4. Wine is being drained from a fermentation vessel in a winery. There is a meter at the outlet from the
vessel that measures the rate of flow out of the vessel. The flow rate decreases with time and the rate
of decrease is also decreasing. The flow rate r(t) is measured every 2 minutes over the 16 minutes it
takes to drain the tank to the desired level. The measurements, in litres per minute, are given in the
table below.

t, min 0 2 4 6 8 10 12 14 16
r(t), L/min 52 44 37 31 26 22 19 17 16

(a)[2] Set up a definite integral for the total amount of wine that is drained out of the fermentation vessel
during the 16 minute period.

(b)[3] Use the Midpoint Rule with n as large as possible to approximate the value of the definite inte-
gral in part (a). Can you determine if this approximation an overestimate or an underestimate?
Explain?

(c)[3] Use the Simpson’s Rule with n as large as possible to approximate the value of the definite inte-
gral in part (a). Can you determine if this approximation an overestimate or an underestimate?
Explain?

5. The region bounded by the curves y =
4

1 + x
and y = 4 − 2x

over the interval from x = 0 to x = 3 is shaded in the diagram.
It is required to find the area of this region.

x

y

y =
4

1 + x

y = 4 − 2xy = 4 − 2x

P(a)[2] Draw one or more typical approximating rectangles on
the diagram and give an expression for the area of each.

(b)[3] Set up one or more definite integrals that together give the required area. Do not evaluate the
integral(s).
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6. The graph of a function f (t) is shown. The
curved section of the graph is a circular arc.
Define the function h(x) as

h(x) =
∫ x

−2
f (t) dt

22

2

x

y

(a)[2] Find the values of h(0), h(2), h(4), and h(6).

(b)[3] Determine the intervals where the function h is increasing and decreasing. Identify any critical
numbers of the function h and classify each as a local maximum, local minimum or neither. Give
the absolute maximum and minimum values of the function h on the interval [−2, 8].

(c)[2] Sketch the graph of the function h.
Label the local and absolute extremes
identified in part (b) above.

22

2

x

y



A Short Table of Integrals

1.
∫

f (g(x))g′(x) dx =
∫

f (u) du where u = g(x) 2.
∫

u dv = vu −
∫

v du

3.
∫

un du =
1

n + 1
un+1 + C (n 6= −1) 4.

∫

du

u
= ln |u|+ C

5.
∫

eu du = eu + C 6.
∫

au du =
1

ln a
au + C

7.
∫

sin u du = − cos u + C 8.
∫

cos u du = sin u + C

9.
∫

sec2 u du = tan u + C 10.
∫

sec u tan u du = sec u + C

11.
∫

csc2 u du = − cot u + C 12.
∫

csc u cot u du = − csc u + C

13.
∫

tan u du = ln |sec u| + C 14.
∫

sec u du = ln |sec u + tan u|+ C

15.
∫

cot u du = − ln |csc u|+ C 16.
∫

csc u du = − ln |csc u + cot u| + C

17.
∫

du√
a2 − u2

= arcsin
( u

a

)

+ C 18.
∫

du

a2 + u2
=

(

1

a

)

arctan
(u

a

)

+ C

19.
∫

sinn u du = − 1

n
sinn−1 u cos u +

n − 1

n

∫

sinn−2 u du

20.
∫

cosn u du =
1

n
cosn−1 u sin u +

n − 1

n

∫

cosn−2 u du

21.
∫

tann u du =
1

n − 1
tann−1 u −

∫

tann−2 u du

22.
∫

secn u du =
1

n − 1
tan u secn−2 u +

n − 2

n − 1

∫

secn−2 u du

23.
∫

eau sin bu du =
eau

a2 + b2
(a sin bu − b cos bu) + C

24.
∫

eau cos bu du =
eau

a2 + b2
(a cos bu + b sin bu) + C

Short List of Identities

1. cos2 x + sin2 x = 1 2. 1 + tan2 x = sec2 x

3. cos 2x = cos2 x − sin2 x = 2 cos2 x − 1 = 1 − 2 sin2 x 4. sin 2x = 2 sin x cos x

5. cos2 x = 1
2 (1 + cos 2x) 6. sin2 x = 1

2 (1 − cos 2x)

Numerical Integration Formulas

Midpoint Rule Mn = ∆x
[

f (x1) + f (x2) + · · ·+ f (xn)
]

where xi =
xi−1 + xi

2

Trapezoid Rule Tn =
∆x

2

[

f (x0) + 2 f (x1) + · · ·+ 2 f (xn−1) + f (xn)
]

Simpson’s Rule Sn =
∆x

3

[

f (x0) + 4 f (x1) + 2 f (x3) + · · ·+ 2 f (xn−2) + 4 f (xn−1) + f (xn)
]

Series

The Geometric series is
n−1

∑
i=0

ari = a

(

1 − rn

1 − r

)

= a

(

rn − 1

r − 1

)

The Mclaurin series for the function f is

f (x) = f (0) + f ′(0)x +
1

2!
f ′′(0)x2 +

1

3!
f ′′′(0)x3 + · · ·+ 1

n!
f (n)(0)xn + · · ·

The Taylor series centred at x = a for the function f is

f (x) = f (a) + f ′(a)(x − a) +
1

2!
f ′′(a)(x − a)2 +

1

3!
f ′′′(a)(x − a)3 + · · ·+ 1

n!
f (n)(a)(x − a)n + · · ·


